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SUMMARY

A model has been developed to provide a comprehensive simulation of a spray formed by a high-speed
liquid jet. The primary atomization process is simulated in a completely nonlinear fashion using the
boundary element method under the assumption of axisymmetric, inviscid �ow. The presence of the
ori�ce boundary layer is simulated with a ring vortex whose strength and location are uniquely de-
termined from boundary layer properties at the ori�ce exit plane. Droplet and axisymmetric ligament
tracking models have been developed to provide more comprehensive spray simulations. The breakup of
the axisymmetric ligaments shed from the parent surface is assessed both in a nonlinear fashion as well
as using the linear stability analysis of Ponstein. Using this latter approach, drop size distributions have
been generated from �rst principles and compared with the popular Rosin–Rammler model. Copyright
? 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The hydrodynamic instability of liquid jets has been of great interest to �uid dynamicists
for more than 100 years. Numerous linear theories have had some recognizable success in
predicting the most unstable wavelength although these theories often give tenuous results
in predicting droplet sizes. While the theories work well for modest deformations, nonlinear
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e�ects lead to errors in predicted droplet sizes even for low-speed laminar jets. Theories
for obtaining an accurate prediction for the high-speed turbulent jet are even more severely
lacking as the complexity of the �ow �eld and the number of droplets formed increases
dramatically. The behaviour of a high-speed jet is in�uenced by many instability sources such
as boundary layer instability within the pipe �ow [1–9], cavitation disturbances emanating
from the sharp corners inside the ori�ce passage [10–14], turbulence [15–19], and the shear
layer-driven instability between the exited liquid �ow and the surrounding gas [20–22]. At
present, most analytical models are linear and are based on the Kelvin–Helmholtz instability
between liquid and gas. Accounting for the other factors in an analysis typically requires a
nonlinear treatment.
Recent e�orts [8], primarily focused on the boundary layer instability mechanism, have

shown that this mechanism plays a prominent role for high-speed laminar and turbulent jets.
The boundary layer instability exists in all jets due to Rayleigh’s theorem; ‘Velocity pro�les
with points of in�ection are unstable’. Rayleigh proved that the presence of a point of in-
�ection is a necessary (though it is not su�cient) condition for the appearance of unstable
waves. These unstable waves eventually appear on the liquid surface for all liquid jets when
the boundary layer instabilities are not obscured by other instability mechanisms. Further
detailed description is available by Yoon and Heister [23].
The model developed by Yoon and Heister [8] provides the point of departure for the

present studies. This nonlinear, axisymmetric boundary element model was utilized to simulate
boundary layer instability mechanisms with favourable comparisons against the measurements
in Hoyt and Taylor’s [9] experiments. The model presumes that the annular ligaments pinched
from the jet periphery undergo secondary atomization due to azimuthal instabilities. The linear
stability analysis due to Ponstein [24] is then used to predict the size of droplets formed from
each ligament. Yoon and Heister [8] did not address the spray evolution and subsequent
droplet size statistics borne out of a given ori�ce design and �ow condition. Moreover, the
model presumed that annular ligaments shed from the periphery of the jet were inherently
stable such that further atomization of these structures were attributed to circumferential modes
leading to the ultimate droplet/spray formation.
The present studies focus on improvements to the existing capability. Numerical improve-

ments are implemented to permit solution of larger problems such that formation of a complete
liquid core is now possible for some �ow conditions. Droplet tracking algorithms have been
developed to permit simulation of quasi-three-dimensional sprays. A complete spray evolution
is presented using these enhanced capabilities. Finally, individual annular ligaments have been
tracked in order to assess their overall stability and subsequent in�uence on droplet statistics.
Theoretical droplet distributions are compared to classical empirical models [25].

2. MODEL DESCRIPTION

2.1. Governing equation

Reference [8] provides a complete description of the model elements; in the interest of brevity,
only highlights will be presented here. The formulation of the boundary element method
(BEM) starts with the integral representation of Laplace’s equation, ∇2�=0, with � being
the velocity potential under the assumption that the liquid is inviscid and incompressible.
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Following Liggett and Liu [26], the integral equation for this Laplace’s equation is:

��(ri) +
∫
S

[
�
@G
@n̂

− qG
]
ds=0 (1)

where �(ri) is the value of the potential at a point ri, S is the boundary of the 2-D domain,
� is the singularity contribution of boundary point, and G is the free space Green’s function
corresponding to Laplace’s equation. Linear elements are assumed in discretization of the
velocity potential, and its normal velocity, q= @�=@n. Jet velocity (U ), the ori�ce radius (a),
and the liquid density (�l) are used as the non-dimensional parameters. The unsteady Bernoulli
equation is used as a boundary condition along a free surface interface as follows:

@�
@t
+
1
2
|∇�t|2 + Pg + �

We
− Bo
We

z=0 (2)

where ()t represents the total value for �, Pg is the gas pressure, � is the curvature of the
free surface, and the Weber number and Bond number are de�ned as

We=
�lU 2a
�

; Bo=
�lga2

�
(3)

A more general solution can be obtained through the principle of superposition for potential
�ow. A potential ring vortex is placed near the ori�ce exit plane to simulate the presence
of the internal boundary layer. The circulation strength, �v, and location of the potential ring
vortex are uniquely determined by the bulk ori�ce �ow and the boundary layer thickness at
the ori�ce exit plane [8]. Figure 1 depicts the typical computational domain indicating the
location of the ring vortex, the mesh spacing �s, and parameters used to set the local mesh
spacing, Rc and zl. Since the Laplacian governing equation is linear, we may superimpose the
main potential �ow with the potential vortex ring:

�t =�+ �v (4)

Since the di�erential operator is a linear function, the superposition theory holds for the
velocity as well:

ut = u+ uv; vt = v+ vv (5)

where u= @�=@z and v= @�=@r and uv, vv are axial and radial velocities induced by the
presence of the vortex ring. Applying the Reynolds transport theorem to Equation (2) and
combining the theory of superposition gives the following nonlinear boundary condition for
the free surface:

D�
Dt
=
1
2
|ut|2 − ut · uv − Pg − �

We
+
Bo
We

z (6)

Equation (4) provides a relation for the time rate of change of � subject to the in�uence of
dynamic pressure changes, pressure imposed from a gas phase (if present), surface tension,
and gravitational hydrostatic forces. In the present work, the gas phase and gravity have been
neglected such that Pg and Bo are assumed to be zero. Analytical solutions for the vortex-
ring-induced velocities, are a function solely of the vortex strength and nodal locations and
are derived and summarized in Reference [27].
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Figure 1. Model schematic.

For all simulations, the strength of the imposed vorticity, which imposes vortical veloci-
ties shown in Equation (5), is based on circulation across the laminar boundary layer. The
most dominant wavelength caused by boundary layer instability is used for approximating the
circulation of the vortex ring at the nozzle exit [28]. Thus,

�v =U� (7)

The boundary layer wave is approximated using the Brennen [28] theory, �=(2�=�)	2, where
�=0:175, and 	2 is the momentum thickness of the laminar �ow [29]. Detailed information
on the vortex ring strength is found in References [8, 30].

2.2. Droplet tracking

The spray evolution was not provided in the original BEM calculation [8] since the simulation
was only conducted on the jet core. However the actual spray is formed by the jet core and
the cone angle formed by the velocity of shed droplets. If the droplet movement after pinch-o�
can be tracked, it will enhance understanding of the �ow characteristics of the spray. In ad-
dition, it could give more information including the aerodynamic e�ects on droplet dynamics
with the dispersion angle. Since the droplets experience aerodynamic drag while traveling in
gas, the velocity could be slightly di�erent according to the measured location. The original
model predicts the longitudinal velocity and the Sauter mean diameter (SMD) very well for
Hoyt–Taylor’s jet [9] of U =21m=s. While the axial velocity is in good agreement with Wu
et al.’s observation [16] as uD =0:76U , the lateral velocity does not agree with the experi-
mental data as vD =0:42U while it was 0:07U in the experiment [16]. Here, the experimental
data is measured at some distance from the jet core, the BEM result gives the value on the
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jet surface just after pinch-o�. Wu et al.’s data was recorded at a few nozzle diameters away
from the centreline (i.e. r=d∼ 2 or 3).
The droplet diameter after pinch-o� is calculated from the linear theory due to Ponstein [24]

and the initial condition (i.e. initial velocity and position of each droplet) is then known as
the result of the BEM simulation assuming that droplets are instantaneously pinched from
the axisymmetric ring-shaped ligaments formed from the liquid core. The equivalent circular
diameter of the ring-shaped ligaments is used with Ponstein’s analysis that provides most
unstable azimuthal wavelengths for a circular ring with circulation [8]. The output from this
computation is then used as the input of the droplet tracking programme. Newton’s second
law is applied to describe the motion of a droplet assuming aerodynamic drag to be the only
external force acting on a droplet.

mD
d
*
uD
dt

=CD
1
2
�g(ug − uD)|ug − uD|AD (8)

where AD is the projected area of a droplet (�D2=4), mD and uD are droplet mass and velocity,
respectively. ug is an air velocity whose value is zero while assumed stationary air. CD is the
drag coe�cient for the solid sphere given by Hwang et al. [31] below:

CD =

⎡
⎢⎣
24
ReD

(
1 +

1
6
Re1=3D

)
; ReD61000

0:424; ReD¿1000

(9)

where ReD =UD=
air.
Equation (5) is a second-order ODE for position and it is formulated as a system of �rst-

order ODEs prior to integration. The system of equations can be written by using state
variables as

y1 = uD

y2 = y′
1 =

duD
dt
=CD

1
2
�g|y1|2AD=mD

(10)

The fourth-order Runge–Kutta time marching scheme is used to solve this system of ODEs.
The initial condition of each droplet is set by the pinch-o� condition which is a result of
the BEM calculation. Vaporization and collisions between droplets (and potential bouncing,
atomization, and coalescence outcomes) are neglected for this simulation. Both 2-D and 3-D
droplet tracking algorithms have been developed to simulate droplet trajectories subsequent to
ring formation.
Since many thousands of droplets have to be tracked simultaneously, the routine was opti-

mized as much as possible. To do this, the simulation for every droplet, which exists within
an integration interval, is done simultaneously at each time step. Here the integration, dt, is
set as a variable by the time interval to next droplet formation time. As a result, the program
takes approximately 6 h for full 3-D tracking of thousands of droplets on a PC having a
Athalon 1.0GHz CPU.
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2.3. Secondary breakup of ligament

The current spray jet simulation based on a BEM method shows good agreement [8] with the
Wu and Faeth’s experiment [17] and the predicted results by Brennen’s linear theory [28].
However, it shows signi�cant di�erences at higher jet velocities. The possible axisymmetric
instability of the ring-shaped ligaments could potentially account for some of the di�erences
as Ponstein’s analysis really only addresses circumferential modes. If ligaments shed from
the parent jet could be tracked in order to assess the potential for secondary breakup in
the axisymmetric modes, it would be helpful in explaining the di�erences. Thus, the code
was improved in order to simulate the secondary instability for each ring-shaped ligament
after pinch-o� events. Here, the value of � at the pinch-o� instant will be used as the
initial condition for the subsequent surface evolution integration. The non-dimensional pa-
rameters remain identical to the parent jet, but the reference length and velocity is changed
to the average ligament radius and average velocity to facilitate graphical depiction of the
results.
The non-dimensional form of the unsteady Bernoulli equation is shown in Equation (2)

assuming the jet velocity (U ), the ori�ce radius (a), and the liquid density (�l) serve as
the basis for the non-dimensionalization. Here we need to change these parameters to the
characteristic values of the pinch-o� ligament; i.e. the pinch-o� ring velocity (Ur) and ring
radius (ar) instead of parent jet’s properties, which is given from the result of parent jet
simulation.
Then the non-dimensional governing equation is obtained as follows:

@�r
@tr

+
1
2
|∇�r|2 + Pg + �r

Wer
− Bor
Wer

zr = 0 (11)

with the non-dimensional parameters having the property of pinch-o� ring as shown:

∇�∗
r =

∇�r
Ur
; �∗

r =
�r
Urar

; P∗
g =

Pg
�lU 2

r
; t∗r =

Ur
ar
tr (12)

The new Weber number is given as

Wer =
�lU 2

r ar
�

(13)

Basically, the non-dimensional form is not changed regardless of what is chosen as the ref-
erence. However we need to get the transfer factor between these two di�erent presentations
because the simulation result of jet core will be used as the input for initial condition of
pinch-o� ring. Matching Equations (3) and (12) at the just pinching event gives:

�∗=Urar�r =Ujaj�j ⇒ �r =
Ujaj
Urar

�j (14)

where subscript j denotes the parent jet.
Also z and r should be changed by the same rate of reference length variation as

z∗ = arzr = ajzj ⇒ zr = aj=ar · zj (15)

r∗ = arrr = ajrj ⇒ rr = aj=ar · rj (16)
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Using Equations (14)–(16), the transfer factors for our simulation of the Hoyt–Taylor [9]
jet are obtained as follows:

�r = 11:54 �j; We=1503:0

zr = 10:5 zj; rr = 10:5 rj
(17)

with jet radius (aj)= 3:2mm, average ring radius (ar)= 1=10:5aj, and jet velocity (Uj)= 21m=s,
and average ring velocity (Ur)= 0:910Uj.
When the current axisymmetric BEM code can be expanded to simulate the behaviour of

separated ligament from the parent jet, the BEM integration part for the governing equation
does not require any modi�cation. However, the current code was slightly modi�ed because the
boundary condition is di�erent from that of jet simulation. A successive over-relaxation (SOR)
method has been employed as an iterative approach to inverting the linear matrices formed
from the discretization process. This approach has permitted solution of larger problems than
those which were practical using the LU decomposition scheme described in prior work [8].

2.4. E�ect of smoothing frequency

The surface shape of higher speed jets is so complex that it makes it very di�cult to pre-
dict the surface properties such as curvature and gradient, which are crucial in the BEM
scheme. Moreover, due to limited computer resources, we have been limited to the use of
moderate-sized grids. For this reason, numerical smoothing is needed for getting the local
gradient, curvature, and so on. That is, the smoothing frequency in�uences the �nal status
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Figure 2. Ligament shape comparison according to the smoothing frequency at t∗=3:0. This is the 94th
ligament of Hoyt–Taylor jet, a typical ligament shape encountered in the simulation.
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but it is needed for longer simulations. While this numerical smoothing suppresses propaga-
tion of local error to whole regions, it can give a deformed solution with excessive loss of
surface characteristics. Thus, minimizing the smoothing frequency is desired but the numer-
ical smoothing cannot be avoided for higher speed jet simulations [32]. The smoothing has
been performed at every step about � and the velocity normal to the local surface, q, for
simulations conducted herein.
Since the ligaments shed from the parent jet have smaller velocities and diameters, which

lead to a smaller Weber number, the surface deformation is much smaller. That is, because
the local surface shape deformation is relatively small, we can lessen the smoothing frequency
considerably to get the surface properties. Compared with the whole jet structure, the ligament
size is very small. For this reason, this ligament is composed several grid points. Additional
nodes are therefore inserted using cubic-spline interpolation to enhance resolution for ligament
tracking purposes.
The shape evolution is changed according the smoothing frequency and excessive smooth-

ing leads loss of the surface characteristics. However, less smoothing could make the code
fail for ligament simulations having more complicated surface shapes. The 5 point explicit
�lter was once per every 50 steps; results for di�erent smoothing frequencies are shown in
Figure 2.

3. RESULTS AND DISCUSSION

Ponstein’s [24] linear stability theory of a vortex ring assuming an instantaneous breakup is
applied to obtain the droplet diameter after pinch-o�. The free surface is unstable due to the
vorticity present at the nozzle exit. During transitional �ow, the axisymmetrically disturbed
wave forms a ‘�nger-like’ ligament and breaks up into several segments. Ponstein provided
the dispersion equation of the vortex ring as

w2 =

[
�
�a3r

(1− k2a2r ) +
(
�r
2�a2r

)2]
(kar)

I1(kar)
Io(kar)

(18)

where w is the growth rate, and ar and �r are the radius and the circulation of the vortex
ring, respectively.
The use of Ponstein’s analysis provides a powerful tool to extend an axisymmetric sim-

ulation to provide quasi-three-dimensional representations of sprays formed from high-speed
jets. The technique provides a practical treatment given the fact that current computational
resources limit the fully 3-D simulation and tracking of sprays. However, the 3-D instability
is known to manifest itself prior to pinching of annular ligaments as noted in the classic Hoyt
and Taylor work as well as in more recent work of Marmottant and Villermaux [33]. In this
context, the present approach provides a near-term solution to the complete 3-D nonlinear
problem, and an advancement over the simpler linear-based theories that are currently the
main recourse for analysts who must estimate droplet sizes. There is substantial use of this
approach in the prior literature [34–36]. For example, Mehdizadeh et al. [36] con�rms, ana-
lytically and experimentally, validation of the applicability of the Rayleigh–Taylor instability
theory [37] (based on linear analysis) for predicting the number of ‘�ngers’ around the ring
edge. Mehdizadeh et al. found the fastest growing wave in the circumferential direction as
a function of Weber number. Dombrowski and Johns [38] classic treatment of liquid sheets
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contains a linear analysis of transverse instability for columns initially pinched from the parent
surface.

3.1. Three-dimensional droplet tracking

The 2-D droplet tracking algorithm is expanded to 3-D to get a more realistic spray simulation.
The velocity and the position for 3-D tracking are found by a co-ordinate transformation to
the circumferential direction with the azimuthal location of a given drop being set randomly
to get more a realistic image. That is, when we put droplets along the circumferential surface,
the �rst position of the shed droplet is located randomly. If this practice is not followed, then
many droplets can be aligned at the same azimuth with respect to the �ow direction.
Figure 3 shows the Hoyt–Taylor jet evolution with 3-D droplet tracking. The jet shown in

this �gure has the statistical properties of SMD=d=1=22:1, ND (total droplet number)=34 000,
and �D (cone angle)=30:0◦ for the Hoyt–Taylor jet. The spray is much more complex for the
case of 3-D tracking since many droplets look like locating at the same position in a plane
�gure even though actually they are located separately in space. From this 3-D trajectory
simulation of droplets shed from the jet core, we can see the dispersion that is formed by
shed droplets in Figure 5, which provides the �nal jet shape and the trace of each droplet
trajectory up to the �nal simulation time. The 3-D trajectory simulation and visualization
show the physical process well from drop formation to dispersion and help us understand the
atomization process of liquid jet.

3.2. Entire jet simulation

For the simulations conducted to date, the simulation for most of the cases was conducted
up to t∗=5 due to computational cost since the BEM calculation requires the solution of
a large matrix system four times for each time step using the Runge–Kutta time integra-
tion scheme. Even though the LU decomposition method was parallelized and improved
the computational speed greatly, other problems (i.e. the computation limitation about total
memory, the networking speed, and the high dependency of computation time on total node
number, etc.) prohibited longer simulations. To overcome this problem, the ‘sponge’ zone
method which was presumed to absorb all disturbances with non-re�ecting boundary condition
was implemented through the previous work [30]. The ‘sponge’ zone method improved the
computational time by stretching the grid spacing in the initial bulb of �uid downstream of
the atomization zone that begins to form near the ori�ce exit.
Here we used the computational advantage of the SOR method introduced in the previous

section to perform a longer simulation. Since the SOR scheme is faster than the LU method,
larger problems can be solved. For example, SOR does not require the intermediate bu�er
matrix at the inversion step and alleviates the problem of memory limitations. Numerical tests
show that the SOR method is working for simulations of more than t∗=5:0, therefore longer
simulations are possible even though the speed is slightly slower than the LU method. As a
result, we successfully simulated the entire jet of Hoyt–Taylor’s case up to t∗=9:0.
Figure 4 shows the entire jet obtained from the SOR method with the convergence criteria

of Residue=1× 10−6 which is supposed to be appropriate since the prior numerical test did
not show any meaningful discrepancy in statistical properties below this convergence criteria.
The statistical properties of this whole jet simulation are summarized in Table I. There are no
major di�erences in the statistical properties between Case (a) by LU and Case (b) by SOR
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Figure 3. 3-D jet visualization for Hoyt–Taylor’s jet.
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Figure 4. Liquid core simulation for Hoyt–Taylor’s jet.
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Table I. Statistical properties for an entire jet with simulation time.

Case (a) for t∗=5:0 Case (b) for t∗=5:0 Case (c) for t∗=9:0
by LU by SOR by SOR

Run time 3.1 days 3.2 days 3.0 months
(CPU) (2 CPU) (1 CPU) (1CPU)
d=SMD 22.13 21.73 18.58
ND 34 002 36 135 105 924
d=DD 22.40 22.09 20.36
�uD=U 0.801 0.796 0.877
�vD=U 0.463 0.471 0.450
�D(◦) 30.04 30.61 27.14
�ND=ring 77.81 85.37 66.12
Stnd. dev. 60.61 87.70 59.73

up to t∗=5:0. We con�rm that the SOR is working well from this result. As shown at Case
(C) of Table I, the simulation time increases rapidly as the jet length increases. It is a time-
consuming problem and requires about 3 months of computational time on a LINUX-based
system with a 2.2GHz single processor. Actually, while the jet length is changed by a factor
of two, the surface length must be changed by a larger ratio as shown in Figure 4. However
the SMD, which stands for global �ow atomization properties, is not changed greatly.
The complete simulation of Hoyt–Taylor’s jet up to t∗=9:0 is shown in Figure 4. The jet

structure is initially assumed to be a simple cylinder with a hemispherical tip. When t∗¿5:0,
the jet shape is quite interesting. As the jet grows, this hemispherical tip is deformed and
absorbed to the jet core, which is not seen at the previous simulation for 5.0. The mean
velocity of most droplets is in the stream-wise direction as a droplet moves along with the
main jet stream. On the other hand, the velocity induced by the vortex penetrates to the
jet surface and results in primary atomization. A more unstable surface then results in more
vigorous pinch-o� of the ligament from the jet core and therefore secondary atomization. The
core length is the result of interaction between this mass loss and convective mean velocity
of the main jet. From this BEM simulation, the jet core has a fairly large cone shape as seen
at the last time plot in Figure 5. The whole length is about Ltot = 15:0 which is about two
times that of the simulation for t∗=5:0. This core length is substantially smaller than that
observed from the experimental result due mainly to the excessive mass loss of axisymmetric
simulation. However, droplet size comparisons have still been quite good [30].
The entire jet shape with 3-D droplet tracking is provided in Figure 5. Since no vaporization

and no collisions are assumed, the droplet diameter is unchanged after the initial pinch-o�
event in these �gures. The spray core angle evolves naturally as a part of the calculation. The
cone angle tends to be over-predicted due to the fact that viscosity is neglected, the model
is axisymmetric, droplet collisions are not simulated, and the aerodynamic interaction with an
environmental gas is not included.

3.3. Secondary breakup and atomization after pinch-o�

We have applied Ponstein’s [24] linear stability theory of a vortex ring assuming an instanta-
neous secondary instability and Ponstein provided the dispersion equation of the vortex ring
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Figure 5. Entire jet visualization with 3-D droplet tracking for Hoyt–Taylor’s jet.

as Equation (18). Wu et al. [16] provided both an empirical model and an experimental
observation for the SMD of the initial primary breakup.

SMD
d

=
77:5
We0:74l; d

(19)

The experiment was conducted for water with d=6:4 mm, U =19 and 22 m=s. These are
close to the values, d=6:35mm and U =21m=s, used by Hoyt and Taylor. A relatively large
di�erence between the predicted SMD and the experimental data at higher velocity range was
reported.
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Figure 6. SMD comparison of predicted result based on BEM, Brennen’s theory [28],
and Wu et al.’s experimental result [16].

The current spray jet simulation based on BEM method shows good agreement with the
Wu et al.’s experiment and the predicted results by Brennen’s linear theory at jet speed
near U =20 m=s. However, it shows a greater discrepancy at higher jet velocity as shown
in Figure 6. This discrepancy is attributed to a turbulence transition; or the role of tur-
bulence becoming an important factor in this region. In later work [39], Faeth’s group
reports a transition to turbulence between 16 and 26m/s; in the range where the dramatic
changes in drop sizes occur. Turbulent eddies are interacting with the mean vorticity pro-
duced in the boundary layer to a�ect the wavelengths of instability and hence the drop sizes.
References [8, 39] is suggested for further discussion on the transitional behaviour of the
water jet.
Ligaments shed from the parent jet have been tracked in order to assess the potential

for secondary breakup in the axisymmetric modes. A typical ligament formation process on
the jet surface of the Hoyt–Taylor case is seen in Figure 7. This ligament is the 94th lig-
ament obtained from the liquid jet simulation by the BEM and is shedding with a velocity
of Ur = 0:57U and direction of �=19:2◦ from the horizontal line at the time of t∗=3:18.
Figure 8 shows the motion and shape evolution subsequent to a pinching event. Here it is
very interesting that the path obtained by BEM tracking is consistent with that of 2-D droplet
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Figure 7. Typical ligament formation from parent of Hoyt and Taylor jet,
captured at t∗=3:18 s, 94th ligament.

tracking as a point mass. On the other hand, Figure 9 shows the ligament breakup process for
a typical ligament shed from the parent jet, which is the typical case of secondary breakup
obtained from several case studies. In this case, the ring fractionates into three smaller rings;
an e�ect that would have signi�cant repercussions on drop size predictions. Up to this inves-
tigation, a typical case for secondary breakup of shed ligaments was that a ligament breaks
into three smaller ligaments including a satellite ligament during the computational time of
t∗=5:0. This breakup process including a satellite ligament is a very typical behaviour in the
nonlinear region, which is investigated by prior researchers [32]. The initial kinetic energy is
large enough to overcome surface tension.
Unfortunately, the analysis of the rings is a tedious process since hundreds are formed

in a typical calculation. Therefore, only several cases have been studied for the conditions
consistent with the Hoyt and Taylor experiment. It was found that every ligament which
is formed from the parent jet breaks into smaller ligament. Even though the location of
secondary instability depends on the initial condition such as shape and velocity distribution,
the secondary breakup occurs within 0.1 ori�ce diameter in most cases. In addition, it has
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Figure 8. Typical secondary breakup process and path comparison between ligament breakup simulation
using BEM and 2-D point mass tracking method.

to noted here that the time is non-dimensionalized by the characteristic value about rings as
t∗r =Ur=artr in Equation (12), which means that the actual physical time given in these �gures
is much smaller than that expressed from the parent jet simulation. Since Ur = 0:910Uj and
ar = 1=10:5 aj, the physical time should be scaled down by about a tenth, actually 1

9:6 , compared
with that of parent jet simulation. The physical time of this ligament simulation has the order
of tens of �s from this calculation. Thus, it is evident that the rings breakup very quickly as
they are shed from the parent jet.
Results from various ligaments shed from the Hoyt–Taylor jet do show secondary breakups

of the ligaments that would reduce e�ective SMD values. Consequently, it shows that applying
Ponstein’s theory to predict the droplet diameter, which does not account for the secondary
breakup, could have substantial errors. Presumably, this secondary breakup must be strong
at the higher speed jets because the velocity di�erence would be increased proportionally.
This observation gives a possible explanation as to why the di�erence between the simulation
result and experimental data is quite large at higher speeds in Figure 6. However, we have to
note that the di�erence is too large to attribute entirely to this e�ect since our SMD result is
approximately four times larger than experimental result for the higher jet speed regime. The
di�erence in the role of the dominant instability mechanism is another possible reason for
addressing the large di�erence in the droplet size between our boundary layer instability jet
and the turbulent jet. As mentioned previously, the Ponstein theory tends to over-predict the
droplet size because the nonlinear e�ect for the vortex-ring analysis is not taken into account
[23], which ampli�es the di�erence in SMD results since the SMD is predominantly a�ected
by the larger droplet sizes (i.e. SMD∼D3=D2).
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Figure 9. Typical secondary breakup process of pinch-o� ligament, 94th ligament, We=1503.

3.4. E�ect of Weber number to secondary breakup

If the Weber number is decreased below a certain value, secondary breakup does not occur
as shown in Figure 10. This simulation was done at the same initial condition as that of the
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Figure 10. The e�ect of Weber number to secondary breakup: (a) when We=We0(= 1503);
and (b) when We=We0=50(=30).

94th ligament except the changed Weber number. The behaviour of the ligament is determined
by the interaction between inertial forces and surface forces, since they are the only forces
acting on it under the circumstance of inviscid, single-phase �ow. That is, if the inertial force,
which is represented by velocity, is larger than the surface tension, atomization will be occur.
However, if the surface tension is su�ciently large enough to overcome the inertial force,
the ring shows oscillatory motion without breakup as shown in Figure 10. Thus, there must
be a critical Weber number which determines whether the breakup occurs or not. For this
simulation, this critical Weber number is likely to be near that value corresponding to the
�ve times larger surface tension (We=300) because the ligament is not broken into smaller
ligaments for this case. It is very interesting to note that the ligament shows almost perfectly
oscillatory behaviour without breakup like a bouncing ball if the surface tension is increased
by 50 times as shown in Figure 10.

3.5. Drop size distribution

One of the major advantages of the current model is the capability to predict droplet size
distributions from a detailed nonlinear simulation. Figure 11 shows the cumulative drop size
distribution for the Hoyt–Taylor jet simulation at the �nal simulation time. The estimated mass
mean diameter (MMD) from this plot is MMDcal=d=0:078, which means that 50% of total
liquid volume is in drops of smaller diameter. Therefore the ratio of mass median diameter
(MMD) and SMD is (

MMD=d
SMD=d

)
cal
=
0:078
0:054

=1:44 (20)

The Wu et al.’s experimental result [16] gives (MMD=SMD)exp =1:2, which obeys
Simmon’s [25] universal root normal distribution. Further investigation is needed to know
what causes the di�erence in two predicted values. It is suspected that the Ponstein’s the-
ory cannot account for the smaller satellite droplet due to nonlinearity at secondary ligament
breakup of peripheral direction because the theory is based on the linear analysis. Also, as it
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Figure 11. Cumulative volume fraction distribution for HT jet simulation.

was shown in the previous section for the secondary breakups of the ligaments, the secondary
atomization while moving downstream would reduce the droplet size. As another reason, the
SMD di�erence could result from aerodynamic e�ects; i.e. our primary atomization simulation
does not account for aerodynamic force imposed by the gas.
The Rosin–Rammler (RR) model is frequently employed to describe the cumulative volume

distribution:

CDF=1− exp{−(D=X )q} (21)

where cumulative density function (CDF) is the fraction of the total volume contained in drops
of diameter less than D. The characteristic droplet size, X , can be expressed as X =D10=�
(1=q + 1) [40], where D10 is the arithmetic mean diameter. � is the gamma function, and
q, so-called, ‘dispersion coe�cient’, indicates the width of the distribution. Small value of q
indicates broad distribution and large value of q means narrow distribution. The comparison
between the Rosin–Rammler distribution and our simulation result is given in Figure 11. As
shown in this �gure, they are well matched at the values of X =0:081 (note, that X is non-
dimensionalized by the ori�ce diameter, d) and q=1:8. Since the corresponding q value is
relatively small, the drop size is supposed to be distributed widely in our simulation result.
Further studies are necessary to assess the viability of the model in predicting actual droplet
size distributions for sprays. Unfortunately, the high jet velocities associated with true sprays
pose challenging conditions for computations in the current computing environment. However,
it is noteworthy that Yoon et al. [40] too found that the Rosin–Rammler distribution function
is an appropriate model for describing the droplet distribution near the nozzle exit (or near
the liquid core). Moreover, Yoon et al. indicate that the dispersion coe�cient, q, is normally
less than q¡2:0 at the nozzle exit because the liquid core produces the droplet sizes of a
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wide range. Our �nding of this report is, therefore, consistent with the observation of Yoon
et al. [40].

4. CONCLUSIONS

A fully nonlinear model has been developed to assess the time-dependent evolution of an
axisymmetric axial liquid jet using a boundary element method. By using this developed
BEM model, substantial e�orts have been made so far in assessing the instability and unsteady
atomization processes in liquid jets.
The current spray jet simulation based on BEM method shows a good agreement with exper-

imental results and the results measured by Hoyt and Taylor in their classic experiment [9].
However, greater di�erences are seen for higher velocity jets with the model signi�cantly
overpredicts droplet sizes. It has been shown that the secondary breakups of the ring-shaped
ligaments can account for some of the di�erences. It was found that virtually every ligament
which is formed from the Hoyt and Taylor parent jet breaks into smaller ligaments. Even
though the location of secondary instability depends on the initial condition and shape, the
secondary breakup occurs within 0.1 ori�ce diameters in most cases. The investigation of
various ligaments shed from jet core shows secondary breakups of the ligaments that would
reduce e�ective SMD values; it could make its render results much closer to Wu et al.’s [16]
result.
The 3-D droplet tracking algorithms have been developed to account for aerodynamic drag

subsequent to ring formation. The trajectory of droplet tracking as a point mass was well
matched with the moving path obtained by BEM simulation for each droplet. By adding a
trajectory simulation of droplets shed from jet core, we can see the dispersion of droplets
that is formed by shed droplets more clearly. The 3-D trajectory simulation for each droplet
shows the physical process well from drop formation to dispersion, and helps understanding
of the atomization process in a liquid jet and the formation of the spray cone.
Using the linear stability analysis of Ponstein in concert with the ligament conditions permits

the development of droplet size distributions from �rst principals. The distributions found for
the Hoyt and Taylor’s jet show a wide range of droplet sizes and can be matched using the
popular Rosin–Rammler model.

NOMENCLATURE

U jet speed
z axial direction
r radial direction
s distance along the surface
u axial velocity
v radial velocity
� direction of velocity from vertical line
a nozzle radius
ar droplet radius
	2 momentum thickness
� density
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� liquid surface tension
� velocity potential
� surface slope
� surface curvature
� most dominant wavelength
� circulation
� non-dimensional frequency
ND number of droplets
Bo Bond number
We Weber number
q velocity normal to jet surface, Rossin–Rammler parameter (Equation (21))
BLI boundary layer instability
MMD mass median diameter
SMD Sauter mean diameter

Subscripts

a nozzle radius, a, is used for length
dimension (i.e. Wea; l =�lU 2a=�)

D droplet property
g gas property
l liquid property
t total or general solution
v �lament vortex ring located at nozzle exit

Superscript

∗ non-dimensional parameter
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